Characterization and analysis of spin-orbit coupled (SOC) states, as a measurement problem, play a vital role in research on the modern optics and photonics based on structured light. Here, we demonstrate determination of photonic SOC states via spatial-Stokes measurement, in which two spatial complex probability amplitudes of spin-dependent spatial modes within SOC states and their relative (intramode) phase can be measured directly. Compared with the standard quantum-state tomography, by avoiding wavefront-flattening operations, the apparatus can completely record photons' realistic SOC structure, leading to a more accurate and precise determination of wavefunction. This simple and general approach for SOC state determination can provide a powerful toolkit for in-situ measuring photonic SOC state, characterizing the quality of SOC light source and associated geometric-phase devices.
The term photonic spin-orbit coupling (SOC) refers to the electromagnetic interaction at subwavelength scales in which the two components of photonic angular momenta -i.e., spin angular momenta (SAM) and orbital angular momenta (OAM) -couple with each other forming an entangled structure [1] [2] [3] . This intrinsic entanglement within photons indicates an inhomogeneous structure inside photons that features a spatial-variant state of polarization (SOP) and, therefore, is broadly termed as vector (polarization) modes or structured light [4] [5] [6] . Recently, this long neglected inhomogeneity has brought a paradigm shift in the optical community, leading to the realization of myriad of optical phenomena and functionalities by exploiting photonic SOC, such as, observing subwavelength-scale microstructures, enhancing the capabilities of optical communication and metrology, shaping and controlling the structure and propagation of light, and promoting the research in fundamental physics [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In this emergent field of modern optics, characterization and analysis of vector modes play a vital role for its importance in both fundamental and practical aspects.
To fully characterize the SOC structure of a vector mode, one need to determine its wavefunction, i.e., SOC state. The standard approach for this task is the well-established Quantum state tomography (QST), in which one has to use a series of real-valued observables, i.e., mutually unbiased (MU) observables, to determine the complex-valued wavefunction indirectly. For SOC states, the MUobservables are called high-order Stokes parameters (HOSPs), and this specific QST is accordingly termed highorder Stokes tomography (HOST) [20] . To realize HOST experimentally, to date, the most feasible way is to employ qplates or equivalent devices to perform a series of spindependent and phase-locked OAM detections [10] [11] [12] . So that the intramode phase of wavefunctions can been coupled to the apparatus and transferred to outcomes. However, due to the bottleneck of OAM detection based on wavefront-* These authors contribute equally to this work † E-mail: zhuzhihan@hrbust.edu.cn flattening measurements [25, 26] , HOST can only apply to some simply predefined states and its accuracy and precision are also restricted.
An alternative approach for wavefunction determination is a quantum state direct measurement, where, by sequential measurement for two complementary observables, the apparatus can directly record the complex probability amplitudes of wavefunction. Therefore, it has been recognized as a promising way for in situ characterization of quantum states and dynamic processes [27] [28] [29] [30] [31] [32] . Particularly, a series of direct measurement for non-entangled photonic states have been reported recently [27] [28] [29] . Among them, the first observation has been done in the context of 'weak measurement', where the system is weakly coupled (or entangled) with an incompatible observable or degree-offreedom, providing, in this way, an interface of complementary observation for the following measurement. In this work, we demonstrate direct measurement of photonic SOC states via spatial-Stokes measurement (SSM), where the SOC photons are observed in three MU-bases of the spin subspace. The results show that, due to avoiding wavefrontflattening operations in experiment, the apparatus can record two spatial complex probability amplitudes of the orthogonal spatial modes within a vector mode and their intramode phase directly, or equivalently to acquire a realistic vector profile consisting of both intensity and polarization profiles, leading to high precision and accuracy in SOC state determination and light-field characterization.
Theory.
-Here, to demonstrate the principle in a simple way and without losing generality, we choose well-known cylindrically symmetric vector (CV) modes as target states to be measured. Their full wavefunctions can be expressed as 
respectively, where . This bipartite system can be described visually by states on the higher-order Poincaré sphere (HOPS) [20] , which is the topological equivalent of the Poincaré sphere and associated Stokes parameters (SPs) for polarization. More specifically, 0 and 1 are the two poles of the HOPS, with the expectation values of
, specifying the location of a state on the sphere called HOSPs, which are given by
Here 0  SO and 1-3  SO are the unitary operator and Pauli matrices for the SOC space, respectively,
represents the conservation of probability and 0 1 = S for pure states. From a geometric viewpoint, as shown in Fig. 1, 3 S specifies the latitude of the HOPS corresponding to 22 
,
aa; while 1 S and 2 S codetermine the longitude corresponding to the intramode phase  between 0 and 1 . That is, [0] [1] [2] [3] S are a set of complete MUobservables in the two-level SOC space, and one can use them to reconstruct the density matrix of a state through a relation  rz has been lost in the measurement due to the wavefront-flattening operation.
To measure the full wavefunction of a vector mode, the key resides in the spatially complex probability amplitudes of ,  RL , more specifically, in acquiring both the intensity profile and associated wavefront, as well as their intramodal phase. For scalar Gaussian photons, a similar technique has been demonstrated using weak measurement [27] . Importantly, for vector photons, the internal SOC structure already provides an observation interface to measure directly that manifests in functions of spatial polarization ellipticity ( , )  r and orientation ( , )  r , respectively, which are given by should be uniform over the transverse plane for CV modes. That is one can determine the  and associated 3 S by calculating the mean value of ( , )  r over the transverse plane, which is given by . About this issue, a related work also reports characterization the DOE of CV modes via SSM recently [34] .
Experiment. -First of all, it is important to note that, for both HOST and SSM, the measurement apparatus and measured states must be fixed in the same reference frame, and here we chose the tabletop as the horizontal plane. Figure  1 shows the experimental procedure, where we used an attenuated coherent light (780 nm), collimated from a singlemode fiber and passing through a polarizing beam splitter (PBS), to generate TEM00-mode photons with horizontal polarization. The H-polarized photons are then converted into desired CV modes by passing through a pair of waveplates and a q-plate (Thorlabs WPV10L). The prepared CV modes are then divided equally by a non-polarizing beam splitter (NPBS), and at the reflected side, they are measured by a HOST apparatus. While at the transmission side, a set of waveplates together with a PBS are employed to perform the spatial Stokes tomography, and a CCD (PI-MAX4) is used to record polarization-dependent spatial modes. In experiments, by adjusting the angles of waveplates in front of the q-plate, we first prepared a group of rotational-invariant CV modes ( 1 =+ ) as the targets to be measured, whose positional trajectories on the sphere correspond to the red paths and associated (equally spaced) red dots, as shown in Fig. 1(a) . We then measured the prepared modes via SSM and HOST, simultaneously, and compared the results obtained via the two approaches.
Results. -Figure 2(a) shows the observed vector profiles of the target modes, where their polarization profiles are typically rotational-invariant CV modes with a few defects (i.e., not perfectly pure states for an observer on the HOPS) and the intensity profiles are feature of HypergeometricGaussian (HyGG) modes. by using Eq. (7) and (8) . For intuitive illustration and comparison, Fig. 2(d) shows the positions of SOC states on the HOPS determined by SSM (blue points) and HOST (orange points), respectively, as well as their HOSPs and concurrence chart.
Analysis. -From Fig. 2(d) we note that all the states determined via SSM (blue) and HOST (orange) deviate slightly from each other, which manifests in states on HOPS, associated 0-3 S , and the concurrence. Besides, the error bars in SSM data are several orders of magnitude larger than those in HOST. To analyze the reason for these differences, first of all, notice that the SOC conversion efficiency of q-plates (Thorlabs WPV10L) we used for preparing CV modes and performing HOST is approx. 99%. That is the prepared CV modes are not completely pure states for an observer on the HOPS. As a result, in theory, four real-valued 0-3 S observed via HOST cannot provide exact and enough knowledge of the vector profile of measured photons. While, due to no wavefront-flattening operations, SSM can completely record the realistic SOC structure of measured photons. Namely, the bigger error bars in SSM data depict the quality and purity of determined states on a specific HOPS. From this point, SSM shall provide a more accurate SOC state determination and can be extended to apply to more general states (even mixed states). Note, we have assumed all states to be measured are pure in the calculation. Additionally, compared with HOST approach, SSM need much more photons to record the spatial modes completely and precisely, and we will further discuss this aspect in a separate paper. To demonstrate the validity of states determination, one can compare the theoretical vector profile of a determined  SO and corresponding experimental observation. More specifically, by using Eq. (4) and (5), we first simulate the vector profiles of SOC states determined via HOST, SSM, and SSM with the correction of q-plate efficiency (99%), as shown in Fig. 3(a)-(c) , respectively. In the simulation, for states determined via HOST, consider the knowledge of || A ( , , )  rz has been lost in the measurement, for this, we choose propagation constant Laguerre-Gaussian (LG) modes as the spatial mode; while for states determined via SSM, we employ HyGG modes with 0.15
as the spatial mode (see Appendix A). [35, 36] Here we see that the corrected vector profiles shown in Fig. 3(c) are well in accordance with the experimental observation shown in Fig 2(a) . For the sake of clarity, we also compare the change of 1-3 ( , )  Sr as function of  for the observed polarization profile and theoretical profiles determined via HOST, SSM, and corrected SSM, respectively, as shown in Fig. 3(d) . We see that the data of SSM determination agree with the observation better than those determined through HOST, while the data of corrected SSM determination matches the best with the observation. We then investigated the fidelity of ˆ( , )   S r between determined states and experimental observations, or rather the 'spatial-variant SOP autocorrelation', which can be expressed as . Fig. 3(e) shows the calculation, we see that, in general, the fidelity of SSM determination is better than HOST, which is especially so for the corrected case. Besides, we note that the error bars of SSM are smaller than HOST and the corrected SST is smallest. Note, the larger error bars of SSM data shown in Fig. 2(d) indicate the measured states are not pure for the predefined HOSP; while the smaller error bars in the fidelity shown in Fig. Fig. 3 (e) manifest the determined states are closer to the realistic SOC structures of measured photons. In addition to the above rotational-invariant CV modes, this approach can also apply to more general CV modes, such as anti-vortex modes for 1 =− and high-order CV modes for 1  , and even Full-Poincare modes (see Appendix B). Yet considering their vector profiles are no longer rotationally invariant, one has to maintain the measuring apparatus and measured states in the same reference frame. It should be pointed out, however, that the general CV modes are essential resources for high-dimension quantum information. Moreover, in a practical application, it is inevitable to avoid the relative rotation of reference frame, such as misalignment between systems or birefringence transmission. Namely, it is of greater significance to determine the SOC state of a more general CV mode that has experienced a rotation of the reference frame during propagation. This task is impossible for the standard QST based on HOST, because the observed probabilities in this case cannot provide valid information to estimate the wavefunction. While for the SSM approach, one can still observe a vector profile of measured photons in a 'rotated reference frame', and based on this work, we will further demonstrate how to determine the original SOC state from this reference-frame rotated vector profile in a future paper.
Conclusion. -In summary, we have demonstrated a direct determination of SOC state via SSM. Compared with the standard QST approach based on HOST, our results show that the SSM approach can not only acquire a realistic vector profile of measured photons but can also determine the wavefunction in a more accurate and precise way. This advantage makes it ideal for in-situ detecting SOC states in communication channels and characterizing the quality of photonic SOC sources or associated geometric-phase devices. Besides, this approach has the potential to be extended to more general SOC states, even in the case when observers have lost the knowledge about the shared reference frame, which is crucial in the practice of high-dimension quantum information.
